Abstract. In this paper we investigate a relationship between fully k-rotundity properties, uniform K-monotonicity properties, reflexivity and K-order continuity in a symmetric spaces E. We also answer a crucial question whether fully k-rotundity properties might be restricted in definition to E d the positive cone of all nonnegative and decreasing elements of E. We present a complete characterization of decreasing uniform K-monotonicity and K-order continuity in E. It is worth mentioning that we also establish several auxiliary results describing reflexivity in Lorentz spaces Γp,w and K-order continuity in Orlicz spaces L ψ . Finally, we show an application of discussed geometric properties to the approximation theory.
Introduction
In 1955, K. Fan and I. Glicksberg [15] introduced and characterized fully krotundity properties in Banach spaces. Recently, in the papers [13, 18] , there have been shown, among others, a complete correspondence between fully k-rotundity properties, rotundity and reflexivity with an application to the approximation theory in Banach spaces. The next interesting results were published in [3] , where authors have investigated, inter alia, rotundity properties on E d the positive cone of all nonnegative and decreasing elements of a K-monotone symmetric space E. The further motivation of our investigation can be found in [5, 6, 7, 11] , where authors have presented a correspondence and complete criteria for K-order continuity, strict K-monotonicity and uniform K-monotonicity properties with application to the best dominated approximation problems in the sense of the Hardy-LittlewoodPólya relation. The main idea of this paper is to find a relationship between reflexivity, fully k-rotundity properties and uniform K-monotonicity properties with application to the approximation theory. In view of the previous research, we also focus on full criteria for K-order continuity and fully k-rotundity properties in symmetric spaces.
The article is organized as follows. Section 2 contains all the necessary definitions and notation, which are used in our discussion. In Section 3, we show a relationship between K-order continuity and a nonexistence of the embedding E ֒→ L 1 [0, ∞), for a symmetric space E on [0, ∞). In view of this result, we present complete criteria for K-order continuity in the Orlicz space L ψ . We also establish a key correspondence between decreasing uniform K-monotonicity, K-order continuity and upper local uniform K-monotonicity in symmetric spaces. Section 4 is devoted to (compact) local fully k-rotundity properties. Namely, using the local approach we characterize an essential connection between local fully k-rotundity on E + the positive cone of all nonnegative elements of a symmetric space E and E d the positive cone of all nonnegative and decreasing elements of E. Next, we discuss an interesting relationship between local fully k-rotundity, local uniform rotundity and order continuity. We also research under which condition compact local fully k-rotundity concludes upper local uniform K-monotonicity and order continuity. In section 5, we answer the crucial question whether compact fully k-rotundity on E d the positive cone of all nonnegative and decreasing elements of a symmetric space E implies order continuity and reflexivity of E. It is worth mentioning that the above result improves Proposition 1 in [13] , a similar problem that was proved under stronger assumption in a Banach space. We also investigate under which criteria decreasing (resp. increasing) uniform K-monotonicity follows directly from compact fully krotundity on E d . In view of the research published in [3] , we focus on the interesting question under which condition compact fully k-rotundity might only be considered on the positive cone E d . Finally, in the spirit of the characterization given in section 4, we show that compact fully k-rotundity on E d yields K-order continuity in a symmetric space E. Section 6 is dedicated to an application of a geometric structure in symmetric spaces to the approximation theory. First, we establish a complete characterization of approximative compactness in symmetric spaces given in terms of reflexivity, strict K-monotonicity, upper local uniform K-monotonicity and the Kadec-Klee property for global convergence in measure, respectively. Next, we present an equivalent condition for reflexivity of Lorentz spaces Γ p,w expressed in terms of a weight function w for 1 < p < ∞. We also discuss auxiliary examples of Lorentz spaces Γ p,w that are reflexive and approximatively compact. It is worth noticing that, the final discussion is devoted to the best dominated approximation problem with respect to the Hardy-Littlewood-Pólya relation in the Orlicz spaces L ψ and follows from a general description of K-order continuity (see [7] ).
Preliminaries
Let R, R + and N be the sets of reals, nonnegative reals and positive integers, respectively. A mapping φ : R + → R + is said to be quasiconcave if φ(t) is increasing and φ(t)/t is decreasing on R + and also φ(t) = 0 ⇔ t = 0. We denote by µ the Lebesgue measure on I = [0, α), where α = 1 or α = ∞, and by L 0 the set of all (equivalence classes of) extended real valued Lebesgue measurable functions on I. We denote by S X (resp. B X ) the unit sphere (resp. the closed unit ball) in a Banach space (X, · X ). A Banach lattice (E, · E ) is said to be a Banach function space (or a Köthe space) if it is a sublattice of L 0 and holds the following conditions
(1) If x ∈ L 0 , y ∈ E and |x| ≤ |y| a.e., then x ∈ E and x E ≤ y E . (2) There exists a strictly positive x ∈ E. For simplicity let us use the short symbol E + = {x ∈ E : x ≥ 0}. An element x ∈ E is called a point of order continuity, shortly x ∈ E a , if for any sequence (x n ) ⊂ E + such that x n ≤ |x| and x n → 0 a.e. we have x n E → 0. A Banach function space E is said to be order continuous, shortly E ∈ (OC), if any element x ∈ E is a point of order continuity. A space E is said to be reflexive if E and its associate space E ′ are order continuous. Given a Banach function space E is said to have the Fatou property if for all (x n ) ⊂ E + , sup n∈N x n E < ∞ and x n ↑ x ∈ L 0 , then x ∈ E and x n E ↑ x E . A space E has the semi-Fatou property (E ∈ (s − F P )) if for any (x n ) ⊂ E + such that x n ↑ x ∈ E + , we have x n E ↑ x (see [23, 1] ). In the whole paper, we assume that E has the Fatou property, unless we say otherwise.
A Banach space X is called rotund or strictly convex if for any x, y ∈ S X such that x + y X = 2, we have x = y. A point x ∈ X is said to be a point of local uniform rotundity, shortly a LU R point, if for any sequence (x n ) ⊂ X such that x n + x X → 2 x X and x n X → x X we have x n − x X → 0. A Banach space X is said to be locally uniformly rotund, shortly X is LU R, if every element x ∈ X is a LU R point in X. Let k ∈ N, k ≥ 2. We say that a Banach space X is fully k-rotund, shortly X is F kR, if each sequence (x n ) ⊂ S X such that
, forms a relatively compact set. In case when k = 2 and a Banach space X is F 2R (resp. CF 2R), then we say that X is fully rotund or F R (resp. compactly fully rotund or CF R). A point x ∈ S X is said to be a point of local fully k-rotundity, shortly x is a point of LF kR, (resp. a point of compact local fully k-rotundity, shortly x is a point of CLF kR) if for each sequence ( [23, 1] ) for any its k-subsequences (x n,1 ),(x n,2 ),· · · , (x n,k ), we have x n converges to x in X (resp. (x n ) forms a relatively compact set). A Banach space X is called locally fully k-rotund, shortly X is LF kR, (resp. compactly locally fully k-rotund, shortly X is CLF kR) if every point x ∈ S X is a point of LF kR (resp. a point of CLF kR) (see [15, 13, 18] ).
A point x ∈ E is called an H g point (resp. H l point) in E if for any (x n ) ⊂ E such that x n → x globally (resp. locally) in measure and x n E → x E , we have x n − x E → 0. We say that the space E has the Kadec-Klee property globally (resp. locally) in measure if each x ∈ E is an H g point (resp. H l point) in E. A Banach space E has the Kadec-Klee property if for any (x n ) ⊂ E and for any f in the dual space E * of E, we have
The distribution function for any function x ∈ L 0 is defined by
For any function x ∈ L 0 its decreasing rearrangement is given by
In this article we use the notation x * (∞) = lim t→∞ x * (t) if α = ∞ and x * (∞) = 0 if α = 1. For any function x ∈ L 0 we denote the maximal function of x * by
It is well known that for any point x ∈ L 0 , x * ≤ x * * , x * * is decreasing, continuous and subadditive. For more details of d x , x * and x * * see [1, 22] .
We say that two functions x, y ∈ L 0 are equimeasurable, shortly x ∼ y, if d x = d y . A Banach function space (E, · E ) is called symmetric or rearrangement invariant (r.i. for short) if whenever x ∈ L 0 and y ∈ E such that x ∼ y, then x ∈ E and x E = y E . The fundamental function φ E of a symmetric space E we define as follows φ E (t) = χ (0,t) E for any t ∈ [0, α) (see [1] ). For any two functions x, y ∈ L 1 + L ∞ the Hardy-Littlewood-Pólya relation ≺ is defined by
In this paper we denote the cone of all decreasing rearrangements of elements in symmetric space E by E d = {x * : x ∈ E}. Now let us introduce shortly K-monotonicity properties. Given a symmetric space E is called K-monotone, shortly E ∈ (KM ), if for any x ∈ L 1 + L ∞ and y ∈ E with x ≺ y, then x ∈ E and x E ≤ y E . Recall that a symmetric space E is K-monotone if and only if E is exact interpolation space between L 1 and L ∞ . Let us also mention the well known fact that a symmetric space E equipped with an order continuous norm or with the Fatou property is K-monotone (for more details see [22] ). A point x ∈ E is called a point of upper K-monotonicity (resp. point of lower K-monotonicity) for short a U KM point (resp. an LKM point ) of E whenever for each y ∈ E, x * = y * with x ≺ y (resp. with y ≺ x), we have x E < y E (resp. y E < x E ). Let us also remind that a rearrangement invariant space E is said to be strictly K-monotone, shortly E ∈ (SKM ), if any element of E is a U KM point or equivalently if any element of E is an LKM point.
Given x ∈ E is said to be a point of K-order continuity of E if for any sequence (x n ) ⊂ E with x n ≺ x and x * n → 0 a.e. we have x n E → 0. In fact, a symmetric space E is called K-order continuous, shortly E ∈ (KOC), if any element x of E is a point of K-order continuity.
An element x ∈ E we call a point of upper local uniform K-monotonicity of E, shortly a U LU KM point, if for any (x n ) ⊂ E with x ≺ x n for any n ∈ N and x n E → x E , we have x * − x * n E → 0. Given x ∈ E is said to be a point of lower local uniform K-monotonicity of E, shortly an LLU KM point, if for any (x n ) ⊂ E with x n ≺ x for all n ∈ N and x n E → x E , then x * − x * n E → 0. A symmetric space E is called upper locally uniformly K-monotone, shortly E ∈ (U LU KM ), (resp. lower locally uniformly K-monotone, shortly (E ∈ (LLU KM )) whenever any element x ∈ E is a U LU KM point (resp. an LLU KM point). We refer the reader for more information to see [4, 7, 10, 11, 17] . Now we recall some notions which have been introduced in [11] , and are in some sense a generalization of uniform monotonicity properties in symmetric spaces. It is worth mentioning that the generalization is obtained by replacing a relation ≤ by a weaker relation ≺, in definition of uniform monotonicity properties. Let us also notice that the generalization characterizes a completely different geometric structure of symmetric spaces than monotonicity properties. A symmetric space E is said to be uniformly K-monotone, shortly E ∈ (U KM ), if for any (x n ), (y n ) ⊂ E such that x n ≺ y n for all n ∈ N and lim n→∞ x n E = lim n→∞ y n E < ∞ we have x * n − y * n E → 0. A symmetric space E is called decreasing (resp. increasing) uniformly K-monotone, shortly E ∈ (DU KM ) (resp. shortly E ∈ (IU KM )), if for any (x n ), (y n ) ⊂ E such that x n+1 ≺ x n ≺ y n for all n ∈ N and lim n→∞ x n E = lim n→∞ y n E < ∞ (resp. x n ≺ y n ≺ y n+1 for every n ∈ N and lim n→∞ x n E = lim n→∞ y n E < ∞), we have x * n − y * n E → 0.
Let us assume that (P ) is any global property given in a symmetric space E. In case when the similar property holds, but considering only nonnegative and decreasing elements of E in the definition, then we say that E d the positive cone of all nonnegative and decreasing elements of E has a property (P ) or equivalently E d ∈ (P ). Analogously, we define a global property that is only satisfied on E + the positive cone of all nonnegative elements of a Banach function space E, i.e. we say E + has (P ) or E + ∈ (P ). It is necessary to mention that a symmetric space E is (LF kR) * (resp. E is (CLF kR) * ) if for each x ∈ S E , x * is a point of local fully k-rotundity (resp. a point of compact local fully k-rotundity). Similarly, we say that a Banach function space E is (LF kR) + (resp. (CLF kR) + ) if for any x ∈ S E , |x| is a point of local fully k-rotundity (resp. a point of compact local fully k-rotundity) in E.
Recall that the mapping ψ : R → [0, ∞] is said to be an Orlicz function if ψ is nonzero function that is even, convex, continuous and vanishes at zero,
Nfunction at zero) if ψ is even, convex, continuous (resp. even, convex, continuous) and
We use the parameter
We say that an Orlicz function ψ satisfies ∆ 2 condition for all u ∈ R + , shortly ψ ∈ ∆ 2 , if there exists K > 0 such that for all u ∈ R we have ψ(2u) ≤ Kψ(u). Let us notice that if ψ ∈ ∆ 2 , then a ψ = 0. For any Orlicz function ψ we define its complementary function ψ Y on R in the sense of Young and a convex modular ρ ψ on L 0 by
for any u ∈ R and for any x ∈ L 0 , respectively. The Orlicz space L ψ generated by an Orlicz function ψ is given by
It is well known that the Orlicz space L ψ might be considered as a Banach space equipped with the Luxemburg norm
or with the equivalent Orlicz norm
Recall that the Orlicz space L ψ is order continuous if and only if an Orlicz function ψ satisfies ∆ 2 condition. It is worth mentioning that the Orlicz spaces L ψ are r.i. Banach function spaces under both the Luxemburg and Orlicz norms (for more details the reader is referred to [1, 13, 21, 22] ). For given 0 < p < ∞ and a weight function w ≥ 0, we define the Lorentz space Λ p,w , which is a subspace of L 0 such that
where W (t) = t 0 w < ∞ for any t ∈ I and W (∞) = ∞ in the case when α = ∞. It is well known that the spaces Λ p,w were introduced by Lorentz in [24] and the space Λ p,w is a norm space (resp. quasi-norm space) if and only if w is decreasing, see [20] (resp. W holds ∆ 2 condition, see [27, 20] ). It is worth reminding that for any 0 < p < ∞ if W fulfills ∆ 2 condition and W (∞) = ∞, then the Lorentz space Λ p,w is an order continuous r.i. quasi-Banach function space (see [20] ).
For 0 < p < ∞ and w ∈ L 0 a nonnegative weight function we consider the Lorentz space Γ p,w , that is a subspace of L 0 such that
Unless we say otherwise, we suppose that w belongs to the class D p , i.e.
and for all 0 < s < ∞ otherwise. It is easy to observe that if w ∈ D p , then the Lorentz space Γ p,w is nontrivial. Moreover, it is easy to see that Γ p,w ⊂ Λ p,w . On the other hand, the following inclusion Λ p,w ⊂ Γ p,w holds if and only if w ∈ B p (see [19] ). Let us also recall that Γ p,w , · Γp,w is a r.i. quasi-Banach function space with the Fatou property and were introduced by Calderón in [2] . It is well known that in the case when α = ∞ the Lorentz space Γ p,w has order continuous norm if and only if ∞ 0 w (t) dt = ∞ (see [19] ). It is also commonly known that by the Lions-Peetre K-method (see [22] ), the space Γ p,w is an interpolation space between L 1 and L ∞ . For more details about the properties of the spaces Λ p,w and Γ p,w the reader is referred to [8, 9, 19, 20] .
Let A be a subset of a Banach space X and let x ∈ X. We denote
The best approximation problem is said to be unique (resp. proximinal or solvable) if Card(P A (x)) ≤ 1 (resp. if P A (x) = ∅). We say that the best approximation problem is uniquely solvable if Card(P A (x)) = 1. Given sequence (x n ) ⊂ A − x is said to be a minimizing sequence of A − x if
A convex subset C of a Banach space X is called approximatively compact if for any x ∈ X and for any sequence (x n ) ⊂ C such that x n − x X → d(x, C) = inf y∈C y − x X we have (x n ) has a Cauchy subsequence. A Banach space X is said to be approximatively compact if any closed and convex subset in X is approximatively compact (see [18] ).
K-order continuity in symmetric spaces
In this section we show a relation between K-order continuity and the embedding of a symmetric space E in L 1 [0, ∞). We start our research with the auxiliary lemma.
Lemma 3.1. Let E be a symmetric space on I = [0, ∞). If x ∈ E is a point of order continuity in E and there exists y ∈ E \L 1 [0, ∞), then x is a point of K-order continuity.
Proof. Let us assume that φ is the fundamental function of E. Since y ∈ E, by symmetry of E and by Proposition 5.9 [1] we have for any t > 0,
.
In consequence, since
Finally, by Proposition 3.1 [11] we conclude x is a point of K-order continuity.
Remark 3.2. Assuming that φ is the fundamental function of a symmetric space E with the Fatou property, it is easy to see that φ(∞) = lim t→∞ φ(t) = ∞ if and only if x * (∞) = 0 for all x ∈ E.
Theorem 3.3. Let E be a symmetric space with the fundamental function φ on I = [0, ∞). Then the following conditions are equivalent.
(i) E is order continuous and is not embedded in
Proof. Assume that ψ is the fundamental function of the associate space E ′ of a symmetric space E. (i) ⇒ (iii). Immediately, by Lemma 2.5 in [8] and Lemma 3.1 and Remark 3.2 we get E is K-order continuous and φ(∞) = ∞. Hence, by Corollary 2 in [6] and by Remark 3.2 it follows that E is order continuous and [14] under the assumption that E ′ ֒→ {f : f * (∞) = 0} and by Corollary 1 in [6] we have E is K-order continuous. Next, by Lemma 3 in [6] we conclude that E is not embedded in
Now we present the complete characterization of decreasing uniform K-monotonicity in a symmetric space E, under the assumption that φ(∞) = ∞, where φ is the fundamental function of E. (i) E is decreasing uniformly K-monotone.
(ii) E is K-order continuous and upper locally uniformly K-monotone.
Immediately, in view of assumption that φ(∞) = ∞ in case when I = [0, ∞), by Theorem 4.13 in [11] and by Remark 3.2 we get the wanted implication.
(i) ⇒ (ii). First, by Remark 4.1 in [11] it follows that E is upper locally uniformly K-monotone. Next, by Corollary 2 in [6] , in case when I = [0, 1), and by Theorem 3.3, in case when I = [0, ∞), in view of Proposition 4.11 in [11] it is enough to prove in case when
Then, making analogous observation as in the proof of Lemma 3 in [6] we have
Define for any n ∈ N,
Clearly, x n+1 ≺ x n ≺ y n for all n ∈ N and
Hence, by assumption that E is decreasing uniformly K-monotone we obtain
On the other hand, by symmetry of E we observe that
which implies a contradiction and ends the proof.
We discuss a complete criteria for K-order continuity in the Orlicz space L ψ . 
In consequence, since x * (∞)λ > 0, we have ψ(x * (∞)λ) = 0, which concludes a ψ > 0. Conversely, suppose that a ψ > 0. Then, letting a ∈ (0, a ψ ) and x = aχ (0,∞) we get x * (∞) > 0 and x ∈ L ψ , which completes the proof. Next, by monotonicity of the mapping ψ(t)/t we obtain the equivalent condition
which means that ψ is the N -function at zero. Finally, according to Theorem 10.3 in [21] and Theorem 3.3 we complete the proof.
Local fully k-rotundity
In this section we discuss local fully k-rotundity in symmetric spaces. We start our investigation with the well known Theorem 1 in [15] . (i) X is fully k-rotund (resp. compactly fully k-rotund).
(ii) If a sequence (x n ) ⊂ X and x n X → 1,
is a Cauchy sequence (resp. (x n ) forms a relatively compact set).
Analogously, we may find an equivalent condition for compact local fully krotundity in a Banach space X. (i) X is locally fully k-rotund (resp. compactly locally fully k-rotund).
(ii) If for any sequence (x n ) ⊂ X and x ∈ S X , x n X → 1,
for any its subsequences (x n,1 ), (x n,2 ), · · · , (x n,k ), then (x n ) is convergent to x (resp. (x n ) forms a relatively compact set).
Proposition 4.3. Let E be a Banach function space with the semi-Fatou property and let k ∈ N, k ≥ 2. If x ∈ E + is a point of compact local fully k-rotundity, then x is a point of order continuity.
Proof. For a contrary we may assume that there exists (x n ) ⊂ E + such that x ≥ x n ≥ x n+1 for all n ∈ N, x n → 0 a.e. and x n E → d > 0. Without loss of generality we may suppose that x ≥ 2x n for all n ∈ N. Define y n = x − x n for every n ∈ N. Clearly, y n ↑ x a.e. Then, by the semi-Fatou property it follows that y n E ↑ x E . We may assume that x E = 1, because otherwise we replace x by x/ x E and y n by y n / x E for all n ∈ N. Then, since x ≥ 2x n for any n ∈ N, by monotonicity of the norm in E for any k-subsequences (y n,1 ), · · · , (y n,k ) of (y n ) we have
Moreover, since x E = 1, by the semi-Fatou property it is easy to notice that
Therefore, by assumption that x is a point of compact local fully k-rotundity there exist a subsequence (y n k ) of (y n ) and z ∈ E + such that y n k converges to z in norm of E. So, passing to subsequence and relabelling we may easily observe that y n → z a.e., whence x = z a.e. In consequence, we have
which contradicts with assumption that x n E ≥ d > 0 for any n ∈ N and completes the proof.
Immediately, since the semi-Fatou property follows directly from the Fatou property, using the proof of the previous proposition and by the fact that a point of local fully k-rotundity is a point of compact local fully k-rotundity in Banach spaces we conclude the following result.
Proposition 4.4. Let E be a Banach function space. If x ∈ E
+ is a point of local fully k-rotundity, then x is a point of order continuity. Additionally, if E + is locally fully k-rotund, then E is order continuous.
Now, we discuss a relationship between LF kR and (LF kR)
* in a symmetric space E. First, we investigate an equivalent condition for a point of local fully k-rotundity in a symmetric space E. Theorem 4.5. Let E be a symmetric space and x ∈ S E . The following conditions are equivalent.
(i) x is point of local fully k-rotundity.
(ii) |x| is point of local fully k-rotundity.
(iii) x * is point of local fully k-rotundity.
Proof. (i) ⇒ (ii).
Let (x n ) ⊂ S E be such that for any k-subsequences (x n,1 ), (x n,2 ),· · · ,(x n,k ) of (x n ) we have
Then, since |x| = xχ {x≥0} − xχ {x<0} , by symmetry of E we easily observe that x n (χ {x≥0} − χ {x<0} ) E = x n E for any n ∈ N and
Therefore, by condition (i) it follows that
(ii) ⇒ (iii). Assume analogously (x n ) ⊂ S E and for any k-subsequences (x n,1 ), (x n,2 ),· · · ,(x n,k ) of (x n ) we get
Next, by condition (ii) and by Proposition 4.4 we obtain x is a point of order continuity. Thus, by Lemma 2.5 in [8] we have x * (∞) = 0. In consequence, by Ryff's theorem in [1] there exists a measure preserving transformation σ : supp(x) → supp(x * ) such that x * • σ = |x| a.e. In case when µ(supp(x)) < ∞, without loss of generality we may assume that σ : I → I (for more details see [26] ). Then, by symmetry of E we have x n • σ E = x n E for all n ∈ N and
Hence, by (ii) it follows that
(iii) ⇒ (i). Since x * ∈ S E is a point of local fully k-rotundity, by Proposition 4.4 and in view of Lemma 2.6 in [8] we conclude that x is a point of order continuity. Let (x n ) ⊂ S E be such that for any k-subsequences (x n,1 ), (x n,2 ),· · · ,(x n,k ) of (x n ) we have
Then, by subadditivity of the maximal function it is easy to see that
whence, by symmetry and by the triangle inequality of the norm in E we obtain
Thus, by assumption (iii) we have
Moreover, by the triangle inequality of the norm in E it is easy to notice that
Hence, since (x n ) ⊂ S E , replacing a subsequence (x n,k ) by a sequence (x n ) and denoting y n = (x + x n )/2 for all n ∈ N, by (2) we get
Then, for any k-subsequences (y n,1 ), (y n,2 ),· · · ,(y n,k ) of (y n ) we obtain
Therefore, by (2) this yields that
Consequently, by the inequality
and by symmetry of E and in view of assumption (iii) it follows that
Hence, by (3) and by Lemma 2.2 in [12] it follows that x n → x globally in measure. Finally, since x is a point of order continuity, by (3) and by Proposition 2.4 in [12] we finish the proof.
The immediate consequence of Theorem 4.5 are the following results.
Theorem 4.6. Let E be a symmetric space. The following are equivalent.
Theorem 4.7. Let E be a symmetric space and let; (i) E is locally fully k-rotund.
(ii) E + is locally fully k-rotund.
Proof. (i) ⇒ (ii) ⇒ (iii). It is obvious. (iii) ⇒ (i).
We proceed analogously as in the proof of Theorem 4.5 under the assumption that E is order continuous.
(ii) ⇒ (i). Immediately, by Proposition 4.4 we get E is order continuous. Finally, since (ii) ⇒ (iii) and (iii) ⇒ (i) we complete the proof. Now, we investigate a correspondence between local uniform rotundity and local fully k-rotundity in Banach spaces.
Theorem 4.8. Let X be a Banach space. If X is locally uniformly rotund, then X is locally fully k-rotund.
Proof. Let k ∈ N, k ≥ 2, and let (x n ) ⊂ X and x ∈ S X be such that for any k-subsequences (x n,1 ), (x n,2 ), · · · , (x n,k ) of a sequence (x n ),
By the triangle inequality of the norm in X we notice that
for any k ∈ N. Then, for any subsequence (x n,1 ) of (x n ), by (4) we have (5) x n,1 + x X → 2 and x n,1 X → 1.
Define for all n ∈ N,
Then, (u n ) ⊂ S X and by (4) we get
Next, passing to subsequence (u n,1 ), by the triangle inequality of the norm in X and by (5) and (6) it follows that
Thus, by assumption that X is locally uniformly rotund and by (6) we obtain
Finally, since (x n,1 ) is arbitrary chosen subsequence of (x n ) we get the end of the proof.
Theorem 4.9. Let E be a symmetric space. If E d is compactly locally fully krotund and strictly K-monotone, then E is upper locally uniformly K-monotone.
Proof. Let (x n ) ⊂ E and x ∈ E be such that x ≺ x n for all n ∈ N, x n E → x E . Without loss of generality we may assume that x E = 1. Then, we have (7) x n E → 1.
Moreover, since x ≺ x n for all n ∈ N, for any k-subsequences (x n,1 ), (x n,2 ), · · · , (x n,k ) of (x n ) we get
Hence, by symmetry and by the triangle inequality of the norm of E and by (7) it follows that
In consequence, by assumption that E d is compactly locally fully k-rotund, there exists a subsequence (x n k ) of (x n ) such that x * n k converges to y ∈ E in norm of E. Hence, by Lemma 3.2 in [22] we get y = y * a.e. and
Therefore, by Proposition 5.9 in [1] we have for all t > 0,
Thus, since x ≺ x n for any n ∈ N we obtain x ≺ y. Finally, since x E = y E = 1, by assumption that E is strictly K-monotone we get x * = y * a.e. and so by the double extract sequence theorem we conclude
Fully k-rotundity
In this section we investigate a relationship between (compact) fully k-rotundity, decreasing (increasing) uniform K-monotonicity and reflexivity in a symmetric space E. First, we show a connection between compact fully k-rotundity and order continuity in E.
Proposition 5.1. Let E be a symmetric space. If E d is compactly fully k-rotund, then E is order continuous.
Proof. First we prove that φ(∞) = ∞. In view of Remark 3.2, we may assume for a contrary that there exists x ∈ E such that x * (∞) > 0. Then, we easily observe that L ∞ ֒→ E with some constant C > 0. Define x = χ [0,∞) and x n = χ [0,n) for every n ∈ N. Clearly, we have x, x n ∈ E for all n ∈ N, x n ↑ x a.e. and sup n∈N x n E ≤ x E < ∞. Hence, by the Fatou property we conclude x n E ↑ x E . Denote v n = x n / x n E for all n ∈ N. Let (v n,1 ), · · · , (v n,k ) be any k-subsequences of (v n ). Then, by symmetry of E we get
Consequently, since v n = v * n for any n ∈ N and by assumption that E d is compactly fully k-rotund, it follows that (v n ) forms a relatively compact set. Therefore, passing to subsequence and relabelling if necessary we may suppose that v n converges to v ∈ S E in norm of E as well as a.e. on I. Thus, since v n → x/ x E a.e. we conclude v = x/ x E a.e. Moreover, by the triangle inequality of the norm in E we obtain
for every n ∈ N. In consequence, we have
On the other hand, by symmetry of E it is easy to see that x n − x E = x E for all n ∈ N, which gives us a contradiction and proves that φ(∞) = ∞. Now, we show that E is order continuous. Let us assume for a contrary that there exists a sequence (x n ) ⊂ E + such that x n ↓ 0 a.e. and d = inf n∈N x n E > 0. Clearly, x n+1 ≤ x n for any n ∈ N, whence we have x n E ↓ d. Define for any n ∈ N,
It is obvious that (u n ) ⊂ S E + and u n → 0 a.e. Moreover, by symmetry of E, for any k-subsequences (u n,1 ), · · · , (u n,k ) of (u n ) we have
and by assumption that x n E ↓ d and by symmetry of E it follows that
Thus, since (u * n ) ⊂ S E , by assumption that E d is compactly fully k-rotund we obtain (u * n ) forms a relatively compact set. Therefore, passing to subsequence and relabelling if necessary we may assume that there exists u ∈ S E such that (9) u * n − u E → 0 and u * n → u a.e. On the other hand, since φ(∞) = ∞, by Remark 3.2 we get x * 1 (∞) = 0. So, by assumption that x n ↓ 0 a.e., in view of Property 2.12 in [22] this concludes that x * n → 0 a.e. Hence, by definition of u n for any n ∈ N we observe u * n → 0 a.e. Therefore, by (9) this provides u = 0 a.e. Consequently, in view of the fact that (u * n ) ⊂ S E and by (9) we get a contradiction which completes the proof. The next proposition follows directly from the well known result in [13] , where there has been shown a complete correspondence between fully k-rotundity and compact fully k-rotundity as well as rotundity in a Banach lattice. Applying the same technique as in paper [13] we may easily show that the below relationships are satisfied on the positive cone E d of a symmetric space E. Recently, in paper [13] authors have proved that if a Banach space X is compactly fully k-rotund then X is reflexive. We show that in a symmetric space E it is enough to assume weaker condition to get reflexivity of E. For the sake of completeness and reader's convenience we present all details of the proof of the following theorem. In some parts of the proof we use similar technique to the proof of Proposition 1 in [13] .
Proof. Let φ be the fundamental function of a symmetric space E. First, we claim (10) lim
Let us suppose that it is not true. Then, by monotonicity of the map φ(t)/t we get
Define for any n ∈ N and t > 0,
Clearly, x n+1 ≺ x n = x * n for any n ∈ N and x n E ↓ 1. Next, for any ksubsequences (x n,1 ), (x n,2 ), · · · , (x n,k ) of (x n ), by symmetry of E we have
Therefore, by Theorem 4.1 and by assumption that E d is compactly fully k-rotund, passing to subsequence and relabeling if necessary we may assume that there exists x ∈ S E such that (11) x n − x E → 0 and x n →x a.e.
On the other hand, by construction of x n for any n ∈ N it is easy to observe that x n → 0 a.e. Hence, x = 0 a.e. and consequently in view of the fact (11) it follows that φ(n) dn = x n E → 0.
Therefore, since x n E ↓ 1 we get a contradiction which proves our claim (10). Let f ∈ S E * be an element of dual space of E. Then, there exists a sequence (x n ) ⊂ S E such that f (x n ) → f E * = 1. By assumption that E d is compactly fully k-rotund and by Proposition 5.1 it follows that E is order continuous and also φ(∞) = ∞. Consequently, by Theorem 4.1 in [1] this yields that the dual space E * and the associate space E ′ of a symmetric space E coincide. Hence, by the Corollary 4.4 in [1] we have (12) f
Let ψ be the fundamental function of E ′ . By (10) and by Theorem 5.2 in [1] we get ψ(∞) = ∞, whence by Remark 3.2 we conclude that f * (∞) = 0. In consequence, by Ryff's theorem in [1] there exists a measure preserving transformation σ : supp(f ) → supp(f * ) such that f * • σ = |f | a.e. on supp(f ). First, if µ(supp(f )) < ∞ we may consider σ : I → I (see [26] ). Moreover, without loss of generality we may assume that supp(x n ) ⊂ supp(f ) for any n ∈ N. Next, by (12) and by assumption that f (x n ) → 1, in view of the Hardy-Littlewood inequality in [1] we obtain
. Then, we have
Hence, taking any k-subsequences (y n,1 ), · · · , (y n,k ) of (y n ) we conclude
Next, by subadditivity of the maximal function we observe for any n ∈ N,
In consequence, since y * n = x * n a.e. for all n ∈ N and f ∈ S E * , by symmetry and by the triangle inequality of the norm in E we get
Therefore, by assumption that E d is compactly fully k-rotund, passing to subsequence and relabelling if necessary we may suppose that x * n converges to x ∈ E in norm of E and also a.e. So, x E = 1 and by Lemma 3.2 in [22] we get x * = x a.e. Hence, since supp(x * n ) ⊂ supp(f * ) for any n ∈ N, without loss of generality we may assume that supp(
. Then, it is easy to see that y * = x * a.e. and y ∈ S E . Moreover, by (13) and by continuity of f we have
which finishes the proof.
In paper [3] , authors have showed among others a relationship between the facts E d ∈ (F R) and E ∈ (F R) in symmetric spaces under the additional assumption that there exists an equivalent symmetric uniformly rotund norm. In the spirit of the previous result we investigate a correlation between E d ∈ (CF kR) and E ∈ (CF kR) in symmetric spaces. For the sake of completeness and reader's convenience we present the proof of the following theorem even though it is similar in some parts to the proof of Theorem 2 in [3] .
Theorem 5.5. Let (E, · E ) be a symmetric space. If E d is compactly fully krotund and locally uniformly rotund and also E has an equivalent symmetric norm · o that is compactly fully k-rotund, then E is compactly fully k-rotund.
Proof. Let (x n ) ⊂ S E be such that for any k-subsequences (x n,1 ), · · · , (x n,k ) of (x n ) we have
for any k ∈ N, by symmetry and by the triangle inequality of the norm in E we obtain
Hence, by assumption that E d is compactly fully k-rotund, passing to subsequence and relabelling if necessary we may assume that there exists x ∈ S E such that (15) x * n − x E → 0. Thus, by Lemma 3.2 in [22] we obtain x = x * a.e. Next, by (14) and (15) we get
In consequence, by assumption that E d is LU R and E has the equivalent symmetric norm · o we conclude
Finally, by assumption that · o is compactly fully k-rotund, passing to subsequence and relabelling if necessary we may assume that (x n ) is a Cauchy sequence in E.
Remark 5.6. Let us notice that local uniform rotundity does not imply compact fully k-rotundity in symmetric spaces in general. Consider a sequence symmetric space E = l 1 with an equivalent norm · E given by
for any x ∈ E. By Example 5.3.6 in [25] , it is well known that E is locally uniformly rotund and also E is not reflexive. Next, since the proof of Theorem 5.4 for the sequence case is analogous, it is easy to see that E d is not compactly fully k-rotund.
Theorem 5.7. Let E be a symmetric space. If E d is compactly fully k-rotund and strictly K-monotone, then E is decreasing uniformly K-monotone.
Proof. First, by Proposition 4.3 in [11] , we may assume that (x n ), (y n ) ⊂ E, x n+1 ≺ x n ≺ y n for every n ∈ N and (16) x n E → 1 and y n E → 1.
Moreover, for any k-subsequences (x n,1 ), (x n,2 ), · · · , (x n,k ) of (x n ) and for corresponding k-subsequences (y n,1 ), · · · , (y n,k ) of (y n ) we have
for any n ∈ N. Therefore, since x n+1 ≺ x n for all n ∈ N, by symmetry of E and by the triangle inequality of the norm in E we get
y n,i E for any n ∈ N. Thus, by (16) we obtain
In consequence, by assumption that E d is compactly fully k-rotund, there exist some subsequences (x nj ) of (x n ) and (y nj ) of (y n ) as well as x, y ∈ E such that x nj ≺ y nj for all j ∈ N and (17)
Hence, by (16) we conclude x, y ∈ S E and also by Lemma 3.2 in [22] it follows that x = x * and y = y * a.e. Therefore, in view of Proposition 5.9 in [1] we have (18) x * * nj (t) → x * * (t) and y * * nj (t) → y * * (t) for any t > 0. Then, since x nj ≺ y nj for all j ∈ N, this yields that x ≺ y. Thus, since x, y ∈ S E , in view of assumption that E is strictly K-monotone we obtain x = y a.e. Furthermore, by (18) and by assumption that x n+1 ≺ x n ≺ y n for any n ∈ N we get (19) y ≺ y n for all n ∈ N. Next, since compact fully k-rotundity implies compact local fully k-rotundity on E d , by assumption that E d is compactly fully k-rotund and strictly K-monotone, in view of Theorem 4.9 we have E is upper locally uniformly Kmonotone. In consequence, since y ∈ S E , by (16) and (19) we get
Finally, since x = y a.e., according to (17) and by the double extract sequence theorem and by the triangle inequality of the norm in E we conclude y * n − x * n E → 0, which gives us the end of the proof.
Theorem 5.8. Let E be a symmetric space. If E d is compactly fully k-rotund and strictly K-monotone, then E is increasing uniformly K-monotone.
Proof. Immediately, by Proposition 4.4 in [11] , we may assume that (x n ), (y n ) ⊂ E, x n ≺ y n ≺ y n+1 for every n ∈ N and (20)
x n E → 1 and y n E → 1.
Then, for any k-subsequences (y n,1 ), (y n,2 ), · · · , (y n,k ) of (y n ) we have y n ≺ y n,i ≺ y n+1,i for all n ∈ N and i ∈ {1, 2, · · · , k}. So, it is easy to observe that
for any n ∈ N. Therefore, by symmetry of E and by the triangle inequality of the norm in E we obtain
for all n ∈ N. Thus, by (20) we get
Next, by assumption that E d is compactly fully k-rotund, there exist a subsequence (y nj ) of (y n ) and y ∈ S E such that
Hence, proceeding analogously as in the proof of Theorem 5.7 we have y = y * a.e. and for any t > 0, y * * nj (t) → y * * (t).
Thus, since x n ≺ y n ≺ y n+1 for any n ∈ N it is easy to see that (22) x n ≺ y n ≺ y for any n ∈ N. Next, by assumption that E d is compactly fully k-rotund and by Proposition 5.1 we get E is order continuous. So, in view of Lemma 2.5 in [8] we obtain y * (∞) = 0. In consequence, since y ∈ S E , by (20) and (22) as well as by assumption that E is strictly K-monotone, in view of Theorem 1 in [6] we conclude that (23) y * * n → y * * and x * * n → y * * globally in measure. Now, since E d is compactly fully k-rotund and strictly Kmonotone, by Theorem 4.9 we have E is upper locally uniformly K-monotone. Hence, since E is order continuous, by (20) and (23) as well as by Theorem 3.13 in [5] we conclude y * n − x * n E → 0, which completes the proof.
Immediately, by Proposition 3.5 in [11] and Theorem 5.4 we obtain the following relationship between compact fully k-rotundity and K-order continuity.
Corollary 5.9. Let E be a symmetric space. If E d is compactly fully k-rotund, then the spaces E is K-order continuous.
Application to approximation problems
First, for the reader's convenience and the sake of completeness we recall the following characterization of the Kadec-Klee property in symmetric spaces.
Theorem 6.1. Let E be a symmetric space. If E is order continuous, then the following conditions are equivalent.
(i) E has the Kadec-Klee property.
(ii) E is strictly K-monotone and has the Kadec-Klee property for global convergence in measure. (iii) E is upper locally uniformly K-monotone. (iv) E is strictly K-monotone and for any (x n ) ⊂ E and x ∈ E, x * * n → x * * in measure and
x n E → x E ⇒ x * n − x * E → 0. Proof. Immediately, using the same technique as in the proof of Theorem 2.10 in [4] and in view of Corollary 1.6 and Proposition 1.7 in [4] we get (i) ⇔ (ii). In consequence, by Theorem 3.13 in [5] we have (ii) ⇔ (iii) ⇔ (iv). Now, according to Theorem 3 in [18] and by Theorem 6.1 we present a correspondence between approximative compactness and K-monotonicity properties in symmetric spaces.
Corollary 6.2. Let E be a symmetric space. The conditions are equivalent.
(i) E is approximatively compact.
(ii) E is reflexive and strictly K-monotone and has the Kadec-Klee property for global convergence in measure. (iii) E is reflexive and upper locally uniformly K-monotone. (iv) E is reflexive and strictly K-monotone and for any (x n ) ⊂ E and x ∈ E, x * * n → x * * in measure and
x n E → x E ⇒ x * n − x * E → 0. In the view of the previous result, we present the complete criteria for approximative compactness in the Lorentz space Γ p,w . Theorem 6.3. Let 1 < p < ∞ and w be a weight function. The statements are equivalent.
(i) Γ p,w is approximatively compact.
(ii) Γ p,w is reflexive and strictly K-monotone.
(iii) Γ p,w is reflexive and W is strictly increasing.
Proof. Immediately, by Theorem 2.10 in [10] we have (ii) ⇔ (iii). Next, by Theorem 4.1 in [9] and by Corollary 6.2 we conclude (i) ⇔ (ii).
We investigate reflexivity in the Lorentz spaces Γ p,w . (W (t)+Wp(t)) p ′ +1 for any t ∈ (0, ∞).
Corollary 6.7. Let ψ be an Orlicz function and let A ⊂ L ψ be a closed subset such that for any a ∈ A we have a * ∈ A. If ψ satisfies ∆ 2 condition and in case when α = ∞ we have ψ is N -function at zero, then for any x ∈ L ψ such that A ≺ x the set P A (x * ) is proximinal.
Corollary 6.8. Let ψ be an Orlicz function and in case when α = ∞, a ψ = 0. If for any x ∈ L ψ and any closed subset A ⊂ L ψ such that A ≺ x we have P A (x) is proximinal, then L ψ is K-order continuous.
Let us recall that a point a ∈ E is called a K-upper bound of a subset A ⊂ E if for any a ′ ∈ A we have a ′ ≺ a. If there exists a K-upper bound of a subset A ⊂ E, then the set A is said to be K-bounded above (see [7] ).
Corollary 6.9. Let ψ be an Orlicz function and in case when α = ∞, a ψ = 0. The conditions are equivalent.
(i) For any x ∈ L ψ and A ⊂ L ψ a closed K-bounded above subset such that x ≺ A, a * ∈ A for any a ∈ A we have P A (x * ) is proximinal. (ii) ψ satisfies ∆ 2 condition and if α = ∞, then ψ is N -function at zero.
